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Abstract
We study geometric properties of solvable metric Lie groups S of Iwasawa type; in particular harmonicity and
the 2-stein condition. One restriction we obtain is that harmonic spaces of Iwasawa type have algebraic rank one,
that is, the commutator subgroup of S has codimension one.
We show that among Carnot solvmanifolds the only harmonic spaces are the Damek–Ricci spaces. Moreover,
this rigidity result remains valid if harmonicity is replaced by the weaker 2-stein condition. As an application, we
show that a harmonic Lie group of Iwasawa type with nonsingular 2-step nilpotent commutator subgroup is, up to
scaling, a Damek–Ricci space.
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Let M be a riemannian manifold, R its curvature tensor and RX the Jacobi operator defined by
RXY = R(Y,X)X, X a unit tangent vector. M is said to be 2-stein if there exist constants µk such
that tr(RkX)= µk|X|2k, k = 1,2, for any X tangent vector X; M is harmonic if small geodesic spheres of
M have constant mean curvature.
Two-point homogeneous spaces are obviously harmonic manifolds, and for a long time the main
problem on harmonic manifolds was the Lichnerowicz conjecture asserting the converse statement: any
harmonic manifold is locally isometric to a two-point homogeneous space. This conjecture was known to
be true for dimM  4 by Lichnerowicz and Walker; they also showed that among the symmetric spaces
E-mail address: druetta@mate.uncor.edu (M.J. Druetta).
1 Partially supported by ANPCyT, CONICET and SECyT (UNC). Part of this work was done during a stay of the author at
IMPA, Brazil (January 01).0926-2245/03/$ – see front matter  2003 Elsevier Science B.V. All rights reserved.
doi:10.1016/S0926-2245(03)00011-1
352 M.J. Druetta / Differential Geometry and its Applications 18 (2003) 351–362exactly the two-point homogeneous spaces are harmonic ([10] and [13]). Later, it was proved by Szabo
that every simply connected, compact harmonic manifold is necessarily rank one symmetric. In particular,
the conjecture is true either for M compact with finite fundamental group or for complete manifolds with
nonnegative scalar curvature (see [11,12]). It is also known that any compact negatively curved harmonic
space M is necessarily locally symmetric of rank one and this result is still valid under the weaker
hypothesis of M being a D’Atri space or asymptotically harmonic (see [7]). Moreover, quarter pinched
homogeneous harmonic spaces of negative curvature are rank one symmetric spaces of noncompact type
since they are Einstein spaces by [6, Theorem 7.1].
Harmonic spaces are necessarily 2-stein (see [1, Chapter 6]) and hence riemannian Einstein spaces.
Homogeneous riemannian Einstein spaces modeled on solvable Lie groups, which are known as
solvmanifolds, are of interest as riemannian model spaces. For instance, this class contains the symmetric
spaces of noncompact type, the bounded homogeneous domains and more generally, the irreducible
nonflat homogeneous Einstein spaces of nonpositive curvature (see [8]) with the Damek–Ricci spaces as
an special subclass.
The Damek–Ricci spaces whose sectional curvature is not strictly negative provide the only known
examples of harmonic nonsymmetric spaces (see [3]). They are defined as solvable extensions of the
Heisenberg type groups with left invariant metrics and contain the family of rank one symmetric spaces
of noncompact type. Note that all known examples of Einstein solvmanifolds, the natural class to look
for noncompact homogeneous harmonic spaces, and in particular the homogeneous Einstein spaces
of nonpositive curvature are represented as Lie groups of Iwasawa type, mostly with 2-step nilpotent
commutator. This is the case for example of Carnot solvmanifols as are the Damek–Ricci spaces (see
[6,8,9]).
In the present paper we investigate geometric properties of solvable metric Lie groups of Iwasawa type.
In particular, harmonicity and the 2-stein condition in a smaller subclass such as the Carnot solvmanifolds
or the Iwasawa type Lie groups with nonsingular 2-step nilpotent commutator subgroup.
The first result obtained is that harmonic spaces of Iwasawa type have algebraic rank one
(Proposition 1.1). Furthermore, we show that Einstein Lie groups of Iwasawa type and algebraic rank
one with nonsingular 2-step nilpotent commutator, are, up to scaling of the metric, Carnot solvmanifolds
(Proposition 2.3). The main result states that among Carnot solvmanifolds, the only harmonic riemannian
spaces are the Damek–Ricci spaces. Moreover, this rigidity result is still valid if harmonicity is replaced
by the weaker 2-stein condition and if the Iwasawa Lie group is required to have nonsingular 2-step
nilpotent commutator subgroup.
That is,
Theorem. If S is a Carnot solvmanifold, then the following conditions are equivalent:
(i) S is harmonic.
(ii) S is 2-stein.
(iii) S is a Damek–Ricci space.
Using Propositions 1.1, 2.3 and the previous theorem we have,
Theorem. The harmonic Iwasawa type Lie groups with nonsingular 2-step nilpotent commutator
subgroup are, up to scaling, the Damek–Ricci spaces.
As a main corollary we get,
M.J. Druetta / Differential Geometry and its Applications 18 (2003) 351–362 353Corollary. If M is a nonflat, irreducible homogeneous harmonic space of nonpositive curvature that
admits a simply transitive Lie group of isometries with nonsingular 2-step nilpotent commutator
subgroup, then M is a Damek–Ricci space, up to scaling of the metric.
After this paper was submitted we learnt that related results were obtained independently by [2].
1. Lie algebras of Iwasawa type and harmonicity
A solvable Lie algebra s with inner product 〈 , 〉 is a metric Lie algebra of Iwasawa type, if it satisfies
the conditions
(i) s= n⊕ a where n= [s, s] and a, the orthogonal complement of n, is abelian.
(ii) All operators adH |n, H ∈ a, are symmetric.
(iii) There exits H0 ∈ a such that adH0 |n has positive eigenvalues.
The simply connected Lie group S with Lie algebra s and left invariant metric induced by the inner
product 〈 , 〉 will be called of Iwasawa type. We said that s (equivalently S) has algebraic rank one if
dima = 1. The Levi-Civita connection and the curvature tensor associated to the metric can be computed
by
2〈∇XY,Z〉 =
〈[X,Y ],Z〉− 〈[Y,Z],X〉+ 〈[Z,X], Y 〉,
R(X,Y )= [∇X,∇Y ] −∇[X,Y ],
for any X,Y,Z in s. By a direct calculation using the above formula one obtains ∇H = 0 and hence
RH =− ad2H for all H ∈ a.
For a unit vector X ∈ s, let γX denote the geodesic on S with γX(0) = e (the identity of the
group S) and γ ′X(0) = X. If AX denotes the Lagrange tensor along γX (that is, AX(t) ∈ End(γ ′X(t)⊥),
with symmetric A′X(t) ◦ AX(t)−1, satisfies the Jacobi equation A′′X(t) + Rγ ′X(t) ◦ AX(t) = 0 with the
initial conditions AX(0) = 0 and A′X(0) = Id), then the volume element and the mean curvature of
the geodesic sphere Ge(t) = {expe tX: X ∈ s, |X| = 1}, t > 0, at γX(t), are given by detAX(t) and
tr(A′X(t) ◦ AX(t)−1), respectively. Recall that by definition, S is harmonic if the volume element of
geodesic spheres Ge(t) does not depend on X; equivalently if geodesic spheres Ge(t) have constant
mean curvature since
d
dt
(
log
(
detAX(t)
))= tr(A′X(t) ◦AX(t)−1).
We remark that by the homogeneity of S and the fact that S is a real analytic riemannian manifold, S
is harmonic if and only there exists a real function f defined on [0,∞) such that detAX(t) = f (t) for
all unit X ∈ s and t  0. Equivalently if tr(A′X(t) ◦AX(t)−1)= h(t) for some function h defined for all
t > 0.
Moreover, if {E1(t), . . . ,En−1(t),En = γ ′X(t)}, n = dim s, is a parallel orthonormal basis along γX,
then the Jacobi vector fields Yi , i = 1, . . . , n, determined by Yi(0) = 0, Y ′i (0) = Ei(0) give rise to the
Lagrange tensor AX along γX defined by the condition Yi(t)=AX(t)Ei(t). For general references about
harmonic spaces see [1, Chap. 6].
Next we show that harmonic spaces of Iwasawa type have algebraic rank one.
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has algebraic rank one (see [7, Section 4]).
Proof. Assume that s = n ⊕ a is the orthogonal decomposition of the solvable metric Lie algebra
associated to S, where n is the commutator of s. We will show that dim a = 1. Since a is abelian, a
acts on n by commuting symmetric operators {adH |n} and consequently, n has a unique ada-invariant
orthogonal decomposition into root spaces nλi , where λi ∈ a∗, i = 1, . . . , n= dimn, satisfies
adH X = λi(H)X for all X ∈ nλi .
Next we compute the Lagrange tensor AH(t) associated to the geodesic γH(t) = exp tH for H ∈ a,
|H | = 1. Let {X1, . . . ,Xn} and {H1, . . . ,Hr−1,Hr = H } be orthonormal basis of n and a, respectively,
with Xi ∈ nλi , i = 1, . . . , n.
In what follows X(exp tH ) denotes the left invariant field on S along γH . Since RH = −ad2H and∇H = 0, by expressing a Jacobi vector field Y along γH as
Y (t)=
n∑
i=1
ai(t)Xi(exp tH )+
r∑
j=1
bj (t)Hj (exp tH ),
the Jacobi equation Y ′′(t) + Rγ ′H(t)Y (t) = 0, gives a basis of Jacobi vector fields Yi , i = 1, . . . ,dim s,
(Yn+r = γ ′H) along the geodesic γH satisfying the conditions Yi(0)= 0 and Y ′i (0)=Xi (i = 1, . . . , n), or
Y ′i (0)=Hi (i = 1, . . . , r), respectively, as the solutions of the differential equations
a′′i (t)− λi(H)2ai(t)= 0, i = 1, . . . , n,
b′′j (t)= 0, j = 1, . . . , r − 1,
with ai(0)= 0, a′i (0)= 1 and bj (0)= 0, b′j (0)= 1.
A basis {Yi: i = 1, . . . ,dim s} as above, is given by
Yi(t)= sinh(λi(H)t)
λi(H)
Xi(exp tH ) or Yi(t)= tXi(exp tH )
according to λi(H) = 0 or λi(H) = 0, respectively, and Yn+j (t) = tHj (exp tH ), j = 1, . . . , r − 1.
Thus {Xi(exp tH ), i = 1, . . . , k} ∪ {Hi(exp tH ), i = 1, . . . , r − 1} is a parallel orthonormal basis of
eigenvectors along γH ofAH(t) with associated eigenvalues
sinh(λi(H)t)
λi(H)
or t, according to λi(H) = 0 or λi(H)= 0, respectively,
and t with multiplicity dima− 1.
Consequently, A′X(t) and AX(t)−1 diagonalize simultaneously with eigenvalues
cosh(λi(H)t) and
λi(H)
sinh(λi(H)t)
if λi(H) = 0, or 1 and t−1 if λi(H)= 0,
and 1 and t−1 both with multiplicity dima− 1, respectively.
Therefore, hH(t)= tr(A′H (t) ◦AH(t)−1), the mean curvature of Ge(t) at γH(t) is given by
hH(t)=
∑
i: λ (H) =0
λi(H) coth
(
λi(H)t
)+ (dima− 1)t−1 + #{i: λi(H)= 0}t−1.
i
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limt→∞(trhH(t)) is independent of H ∈ a.
To complete the proof, we choose an element H0 ∈ a such that λi(H0) > 0 for all i = 1, . . . , n, which
exists by definition of Iwasawa type Lie algebra, and we will get a contradiction if dima> 1. Indeed, if
this is the case, then for a unit vector H ⊥H0 in a it follows that
n∑
i=1
λi(− sin tH + cos tH0)= ∂
∂s
n∑
i=1
λi(cos sH + sin sH0)= 0 for all real s,
and consequently
∑n
i=1 λi(H0)= 0 which is not possible by the choice of H0. ✷
2. Einstein Lie algebras of Iwasawa type and algebraic rank one
Let s= n⊕a be a metric Lie algebra of Iwasawa type of algebraic rank one, and assume that a=RH ,
where H ⊥ n, |H | = 1, is chosen such that all eigenvalues of adH |n are positive. Let z denote the center of
n= [s, s] and let v be the orthogonal complement of z with respect to the metric 〈 , 〉 restricted to n. Thus
n decomposes n= z⊕ v and note that adH : z→ z hence adH :v→ v since adH is symmetric. Moreover,
n has an orthogonal direct sum decomposition into eigenspaces nµ, for all µ eigenvalue of adH |n, which
are invariant by adH with the property [nµ,nµ∗] ⊂ nµ+µ∗ (by the Jacobi identity) whenever µ+µ∗ is an
eigenvalue of adH |v. Note that since z and v are adH -invariant, they also have decompositions z=∑λ zλ,
v=∑µ vµ and the equality µ= λ for some µ, λ may be possible.
For any Z ∈ z the skew-symmetric linear operator jZ :v→ v is defined by
〈jZX,Y 〉 = 〈[X,Y ],Z〉 for all X,Y ∈ v, all Z ∈ z.
Equivalently, if (adX)∗ denotes the adjoint of adX,
jZX = (adX)∗Z for all X ∈ v.
We recall that n is said to be 2-step nilpotent if [n,n] = [v,v] ⊂ z. S is called a Carnot solvmanifold
in the case of a solvable metric Lie algebra s = n ⊕ RH with H ⊥ n, |H | = 1, satisfying adH |z = Id,
adH |v = 12 Id (note that n is 2-step nilpotent). In the special case that j 2Z =−|Z|2 Id for all Z ∈ z whenever
v = 0, S is a Damek–Ricci space. If v= 0, S corresponds to the real hyperbolic space.
2.1. Curvature formulas
By applying the connection formula given at the beginning of this section, one obtains ∇H = 0
and if Z,Z∗ ∈ z, X,Y ∈ v then ∇ZZ∗ = ∇Z∗Z = 〈[H,Z],Z∗〉H,∇XZ = ∇ZX = − 12jZX and ∇XY =
1
2 [X,Y ] + 〈[H,X], Y 〉H , in case of 2-step nilpotent n. Consequently, by a direct computation we obtain
the following formulas involving curvatures (see [4, Section 2]),
(i) RH =− ad2H .
(ii) If either Z ∈ zλ, |Z| = 1, or X ∈ vµ, |X| = 1,
RZH =−λ2H and RXH =−µ2H.
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RZZ
∗ = λ(〈Z, adH Z∗〉Z− adH Z∗) and RZX =−14j 2Z(X)− λ adH X.
In the case that n is 2-step nilpotent,
(iv) If X ∈ vµ, |X| = 1, for any Z ∈ z, Y ∈ v
RXZ = 14 [X,jZX] −µ adH Z and RXY =−
3
4
j[X,Y ]X−µ adH Y.
2.2. Einstein condition
Assume that S is an Einstein space and n is 2-step nilpotent. It is a direct computation using the
preceding formulas to see that
Ric(Z)=−1
4
tr j 2Z − λ tr adH for Z ∈ zλ and
Ric(X)=−1
2
k∑
i=1
|jZiX|2 −µ tr adH for X ∈ vµ.
Note that it is also immediate by the well known equality involving the Ricci curvatures of s and n,
Ric(Y )= Ricn(Y )− 〈adH Y,Y 〉 tr adH for all Y ∈ n,
since in case of 2-step nilpotent n, for orthonormal basis {Zi} of z and {Xi} of v,
Ricn(Z)=−1
4
tr j 2Z =
1
4
m∑
i=1
|jZXi |2 and Ricn(X)=−12
k∑
i=1
|jZiX|2
by [5, Proposition 2.5].
We say that n is nonsingular if the operators jZ :v→ v are nonsingular for all Z ∈ z, whenever v = 0.
In case of 2-step nilpotent n, this is equivalent to the fact, adX :n→ z is surjective for all X ∈ n− z (see
[5, Lemma 1.8]).
The following properties contained in Lemma 2.1 are independent of the 2-step nilpotent or Einstein
condition and they will be useful in that follows.
Lemma 2.1. Let s = n ⊕ RH be a metric Lie algebra of Iwasawa type and algebraic rank one with
nonsingular commutator n. Then,
(i) If Z ∈ zλ = z ∩ nλ and µ is an eigenvalue of adH |v, then jZ :vµ→ vλ−µ is an isomorphism and j 2Z
preserves vµ. Consequently λ− µ is also an eigenvalue of adH |v for all λ and µ eigenvalues of adH |z
and adH |v, respectively.
(ii) adH |z = λ Id for some λ > 0.
(iii) tr(adH |v)= 12λdimv.
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for some Y ∈ vµ∗ = v∩ nµ∗
〈jZX,Y 〉 =
〈[X,Y ],Z〉 = 0.
Hence [X,Y ] = 0 and [X,Y ] ∈ nµ+µ∗ has nonzero component in zλ, which implies that µ + µ∗ = λ.
Thus µ∗ = λ−µ and jZX only has nonzero component in vλ−µ.
(ii) Let λ be the maximum eigenvalue of adH |z and let λ∗ be any eigenvalue of adH |z. If µ1 is the
maximum eigenvalue of adH |v it follows from (i) above that λ∗ − µ1 is an eigenvalue of adH |v and
consequently,
µ1 + (λ− λ∗)= λ− (λ∗ −µ1)
is also an eigenvalue of adH |v. Since µ1 is maximum with this property, it follows that λ∗ = λ and
consequently adH |z = λ Id.
(iii) Since for all µ eigenvalue of adH |v, λ− µ is also an eigenvalue and dimvµ = dimvλ−µ from (i)
above, we have that
tr adH |v=
∑
µ> 12λ
µdimvµ +
∑
µ> 12λ
(λ−µ)dimvµ + 12λdimv 12λ
=
∑
µ> 12λ
λdimvµ+ 12λdimv 12λ
= 1
2
λ
(∑
µ> 12λ
dimvµ +
∑
µ< 12λ
dimvµ+ dimv 1
2λ
)
= 1
2
λdimv.
The lemma follows as claimed. ✷
Remark 2.1. The statement of the above lemma holds under the weaker hypothesis that jZ is nonsingular
for some Z ∈ zλ.
Lemma 2.2. If s= n⊕ RH is a metric Lie algebra of Iwasawa type of algebraic rank one with 2-step
nilpotent commutator n that satisfies the Einstein condition, then, adH |z = λ Id in case v= 0 and
tr(adH)
(
(tr adH |v)+ 2(tr adH |z)
)= (2 dim z+ dim v) tr(ad2H ), if v = 0.
Proof. We note first that in the case v = 0, the Einstein condition Ric(Z) =Ric(Z∗) applied to unit
eigenvectors Z and Z∗ of adH |z associated to eigenvalues λ and λ∗, respectively, gives that λ= λ∗.
Assume that v = 0 and let {Z1, . . . ,Zk} be an orthonormal basis of z where Zi , i = 1, . . . , k, are
eigenvectors of adH |z with associated eigenvalues λi , respectively.
The Einstein condition Ric(Z)=Ric(H)=− tr(ad2H), applied to each vector Zi , gives
−1
4
tr j 2Zi = λi tr adH − tr
(
ad2H
)
, i = 1, . . . , k
and hence
(1)1
2
tr
(
k∑
j 2Zi
)
= 2 dim z tr(ad2H )− 2 tr(adH |z) tr(adH).i=1
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1
2
k∑
i=1
〈
j 2ZiX,X
〉=−1
2
k∑
i=1
|jZiX|2 =µ tr(adH )− tr
(
ad2H
)
,
we get
1
2
tr
(
k∑
i=1
j 2Zi
∣∣
vµ
)
= (µ tr(adH)− tr(ad2H ))dimvµ
and consequently,
(2)1
2
tr
(
k∑
i=1
j 2Zi
)
= 1
2
∑
µ
(
tr
k∑
i=1
j 2Zi
∣∣
vµ
)
= tr(adH |v) tr(adH)− dimv tr
(
ad2H
)
.
From (1) and (2) we have
tr(adH)
(
tr(adH |v)+ 2 tr(adH |z)
)= (2 dim z+ dimv) tr(ad2H ),
as claimed. ✷
Remark 2.2. The solution in Rm of the following two equations
x1 + · · · + xm =m,
x21 + · · · + x2m =m
is uniquely given by xi = 1 for all i = 1, . . . ,m. In particular, xi =±1, i = 1, . . . ,m, are the solution of
the equations
x21 + · · · + x2m =m= x41 + · · · + x4m.
In fact, x1 + · · · + xm = m⇔ (x1 − 1) + · · · + (xm − 1) = 0 is the equation of the tangent space to
the sphere x21 + · · · + x2m =m at the point x0 = (1, . . . ,1), whose associated gradient vector field at x0 is
(1, . . . ,1).
Proposition 2.3. Let S be a Lie group of Iwasawa type and algebraic rank one whose associated Lie
algebra has commutator nonsingular 2-step nilpotent. If S is an Einstein space then, up to a scaling of
the metric, S is a Carnot solvmanifold.
Proof. Let s= n⊕ RH be the metric Lie algebra associated to S. Note that in the case v= 0 we have
that adH |z = λ Id by the Einstein condition; hence S is the symmetric space of constant curvature −λ2.
Assume that v = 0. It follows from Lemma 2.1 that adH |z = λ Id and will prove that adH |v = 12λ Id.
For this purpose, let {µ1, . . . ,µm} denote the m = dimv eigenvalues of adH |v, counted according to
multiplicity. By applying Lemma 2.2 it follows that
tr
(
ad2H
∣∣
v
)= 1λ2m
4
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(m+ 2k) tr(ad2H∣∣v)= 14mλ2(m+ 2k).
On the other hand, using the expressions of tr(adH |v) and tr(ad2H |v),
µ1 + · · · +µm = tr(adH |v)= 12λm,
µ21 + · · · +µ2m = tr
(
ad2H
∣∣
v
)= 1
4
λ2m,
it follows from Remark 2.2 that µi = 12λ for all i = 1, . . . ,m, since (µ1, . . . ,µm) satisfies the two
equations,
2
λ
µ1 + · · · + 2
λ
µm =m= 4
λ2
µ21 + · · · +
4
λ2
µ2m,
simultaneously. Hence adH |v = 12λ Id. ✷
3. 2-stein spaces and harmonic spaces of Iwasawa type
S is said to be 2-stein or equivalently s satisfies the 2-stein condition if there exist constants µk such
that
tr
(
RkX
)= µk|X|2k, k = 1,2, for all X ∈ s.
In particular, 2-stein spaces are Einstein, that is, Ric(X)= trRX =µ1 |X|2, µ1 a constant, for all X ∈ s.
The following theorem describes the harmonic Carnot solvmanifolds, or equivalently the 2-stein
Carnot solvmanifolds.
Theorem 3.1. If S is a Carnot solvmanifold, then the following conditions are equivalent:
(i) S is harmonic.
(ii) S is 2-stein.
(iii) S is a Damek–Ricci space.
Proof. (ii) ⇒ (iii). We assume the most general situation in the case of a solvable metric Lie algebra
s= n⊕RH , |H | = 1, satisfying adH |z = λ Id and adH |v = 12λ Id. Note that n is 2-step nilpotent and, up
to the constant λ2 in the metric, S is a Carnot solvmanifold. We remark that from the Einstein condition
Ric(Z)=− tr ad2H we have
(3)− tr(j 2Z)= λ2m for all Z ∈ z, |Z| = 1,
since tr adH = (k + 12m)λ and tr(ad2H )= (k + 14m)λ2 (k = dim z, m= dim v).
We will first give the expression of R2Z for any Z ∈ z, |Z| = 1. For this purpose, we use the curvature
formulas stated in Section 1, that in our case become
RZ|z∩Z⊥ = −λ2 Id, RZ(H)=−λ2H,
RZ|v =−1j 2Z − λ adH |v =−
1
j 2Z −
1
λ2 Id |v.4 4 2
360 M.J. Druetta / Differential Geometry and its Applications 18 (2003) 351–362Hence,
R2Z
∣∣
z∩Z⊥ = λ4 Id, R2Z(H)= λ4H
and
R2Z
∣∣
v
=
(
1
4
j 2Z +
1
2
λ2 Id
)2
= 1
4
(
1
2
j 2Z + λ2 Id
)2
= 1
4
(
1
4
j 4Z + λ2j 2Z + λ4 Id
)
.
Therefore,
tr
(
R2Z
)= kλ4 + 1
16
tr
(
j 4Z
)+ 1
4
λ2 tr
(
j 2Z
)+ 1
4
λ4m,
taking into account that
tr
(
R2Z
)= trR2Z∣∣z∩Z⊥⊕RH+ trR2Z∣∣v.
Now, it follows from (3) and the 2-stein condition tr(R2Z)= tr ad4H = (k + 116m)λ4 that
tr
(
j 4Z
)= λ4m.
Since − tr j 2Z = λ2m, by taking an orthonormal basis {X1, . . . ,Xm} of v that diagonalizes the symmetric
operator j 2Z (hence it also diagonalizes j 4Z) we have
m∑
i=1
|jZXi |2 = λ2m,
m∑
i=1
|jZXi |4 = λ4m
and consequently, |jZXi |2 = λ2 for all i = 1, . . . ,m by Remark 2.2. Therefore j 2Z = −λ2|Z|2 for all
Z ∈ z, that together with the two facts adH |z = λ Id and adH |v = 12λ Id imply that, up to a constant in the
metric, S is a Damek–Ricci space.
(iii) ⇒ (i) ⇒ (ii). It is immediate that Damek–Ricci spaces are 2-stein, since they are harmonic and
harmonic spaces are 2-stein (see [3] and [1, Proposition 6.4]). ✷
Corollary 3.2. If S is a 2-stein space of Iwasawa type and algebraic rank one whose associated metric
Lie algebra has nonsingular 2-step nilpotent commutator subgroup, then up to scaling, S is a Damek–
Ricci space.
Proof. It is an immediate application of the previous theorem, since by Proposition 2.3, up to scaling of
the metric, S is a Carnot solvmanifold. ✷
Theorem 3.3. If S is a harmonic space of Iwasawa type with nonsingular 2-step nilpotent commutator
subgroup, then up to scaling of the metric, S is a Damek–Ricci space.
Proof. The proof of this theorem is a consequence of Corollary 3.2, since harmonic spaces of Iwasawa
type are 2-stein (see [1, Proposition 6.4]) and they have algebraic rank one, by Proposition 1.1. ✷
The following corollary shows that Damek–Ricci metrics on a simply connected solvable Lie group S
are isolated points among all harmonic invariant metrics.
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and scaling, through a continuous one-parameter family of pairwise nonisometric harmonic invariant
metrics on S.
Proof. Let S be a simply connected solvable Lie group with associated solvable Lie algebra (s, [, ]).
Let 〈, 〉t , t  0, be a continuous one-parameter family of harmonic left invariant metrics on S such that
(S, 〈, 〉0) is a Damek–Ricci space. We can assume that (s, 〈, 〉t ) is, up to isometry, a metric Lie algebra of
Iwasawa type since by [8, Theorem 4.10], (s, [, ], 〈, 〉t ) is isometric to a metric Lie algebra of Iwasawa
type (s, [, ]+, 〈, 〉t ) where the bracket [, ]+|n = [, ] on n. Hence (n= [s, s], [, ]+, 〈, 〉t , jt ) is nonsingular
2-step nilpotent for small t  0, by continuity. It follows from Theorem 3.3 that (S, λt〈, 〉t ) is a Damek–
Ricci space for some λt > 0 and small t  0. One can see that λt〈, 〉t = ϕ∗t 〈, 〉0 for some Lie group
automorphism ϕt of S. Thus, up to isometry and scaling, (S, 〈, 〉t )= (S, 〈, 〉0) and the assertion follows
as stated (see [8, Theorem 5.1]).
Corollary 3.5. If M is a nonflat, irreducible homogeneous harmonic space of nonpositive curvature that
admits a solvable simply transitive Lie group of isometries with nonsingular 2-step nilpotent commutator
subgroup, then M is a Damek–Ricci space, up to scaling of the metric.
Proof. Note that applying [14, Corollary 1] and [8, Proposition 4.9 and Theorem 4.10], M can be
represented as an harmonic Iwasawa type Lie group of algebraic rank one, since M is a simply connected
Einstein space. The corollary is an immediate consequence of the previous theorem. ✷
Applying Theorem 4.7 of [7] we have,
Corollary 3.6. The nonflat, irreducible rank one homogeneous D’Atri spaces of nonpositive curvature
admitting a solvable simply transitive group of isometries with nonsingular 2-step nilpotent commutator
subgroup are, up to scaling, the Damek–Ricci spaces including the rank one symmetric spaces of
noncompact type.
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